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Outline

joint with Bertrand T¬oen
Study the geometry of the moduli of:

ßat connections, or
local systems

on a smooth non-properX{k, chark Ò 0, with a view
towards

Constructing (shifted) Poisson structures, and
Describing their symplectic leaves.

Tony Pantev University of Pennsylvania
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Motivation

X - compact oriented topological surface,
G - a complex reductive group.

Classical story: Fock-Rosly, Goldman, Guruprasad-Rajan,
Guruprasad-Huebschmann-Je!rey-Weinstein, . . .

The moduliMGpXq of ! : " 1pX, xq „ G has an algebraic
Poisson structure;

The symplectic leaves inMGpXq are moduli spaces of!
with Þxed monodromy at inÞnity.

Goal: Extend these statements to higher dimensional smooth
varietiesX.

Tony Pantev University of Pennsylvania
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Main results (i)

Fix a Þeldk of chark Ò 0

Theorem: [P-T¬oen] Let X be ad-dimensional smooth com-
plex algebraic variety and letG be a reductive algebraic group
overk. Then

(1) The derived moduli stackLocGpXqof G-local systems on
X has a naturalp2 « 2dq-shifted Poisson structure.

(2) This shifted Poisson structure admits generalized
symplectic leaves. Among those are the derived moduli
of G local systems with Þxed monodromy at inÞnity.

Tony Pantev University of Pennsylvania
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Main results (ii)

Comments:

Whend Ò 1 the Poisson structure in(1) specializes to
GoldmanÕs Poisson structure on the moduli of
representations" 1pX, xq „ G.
(2) is tricky: need to understand how to Þx local
monodromies in the derived setting. Subtle issues:

can not be seen ont0LocGpXq and involves higher
homotopy coherences;
an additional constraint -strictness - has to be imposed
on the local monodromies at inÞnity.

Tony Pantev University of Pennsylvania
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Main results (iii)

Theorem: [P-T¬oen] Let X be ad-dimensional smooth algebraic
variety overk. Then

(1) The derived moduli stack Vect! pXq of ßat vector bundles on
X has a naturalp2 « 2dq-shifted Poisson structure.

(2) There is a well deÞned derived stack of ßat bundles
Vect! ppBXq on the formal boundary ofX . The shifted
Poisson structure of(1) is realized as a Lagrangian structure
on the restriction mapR : Vect! pXq „ Vect! ppBXq.

(3) The Þber ofR over a ßat vector bundle onpBX is a derived
algebraic space locally of Þnite presentation.

Tony Pantev University of Pennsylvania
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Main results (iv)

Comments:

The formal boundarypBX should encode the punctured
formal neighborhood of the boundary divisor in a good
compactiÞcationX ! X.

Rigid analytic and non-commutative models forpBX have
been considered in[Ben-Bassat-Temkin], [EÞmov],
[Hennion-Porta-Vezzosi] . Upshot:pBX has a well
deÞned sheaf theory and a well deÞned stack PerfppBXq of
perfect complexes.

Tony Pantev University of Pennsylvania
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Main results (v)
Comments:

The bulk of the work goes into constructing a derived
stack Perf! ppBXq of perfect complexes equipped with ßat
connections onpBX (studied in depth in[Raskin] for
X Ò A1).
The stacks Vect! pXq and Vect! ppBpXqqare not algebraic
but are formally representable at Þeld valued points. This
is crucial for deÞning symplectic, Lagrangian, and Poisson
structures.
The existence of the Lagrangian structure on
R : Vect! pXq „ Vect! ppBXq boils down to Poincar«e
duality for compactly supported cohomology relative to
various derived base schemes.

Tony Pantev University of Pennsylvania
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Stacks of local systems

Moduli of local systems (i)

X - Þnite CW complex;
G - an a!ne reductive group overk.

Main object of study: The moduli stackLocGpXq of

Tony Pantev University of Pennsylvania
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Stacks of local systems

Moduli of local systems (i)

X - Þnite CW complex;
G - an a!ne reductive group overk.

Main object of study: The moduli stackLocGpXq of
G-local systems onX

locally constant principal
G-bundles onX

Tony Pantev University of Pennsylvania

Betti/de Rham moduli



Introduction Results Betti moduli de Rham moduli Odds and ends

Stacks of local systems

Moduli of local systems (i)

X - Þnite CW complex;
G - an a!ne reductive group overk.

Main object of study: The moduli stackLocGpXq of
G-local systems onX

Tony Pantev University of Pennsylvania
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Stacks of local systems

Moduli of local systems (ii)
Properties:

LocGpXq is a derived Artin stack overk.
t0LocGpXq depends only on the fundamental group ofX.
It is the moduli stack of representations of" 1pX, xq into
G, i.e.

t0LocGpXq ÒM GpXq Ò rRGp" 1pX, xqq{Gs

HereRGp" 1pX, xqqis thecharacter scheme of X: the
a!ne k-scheme representing the functor

RGp" 1pX, xqq: commalgk !!Sets,

A !!Homgrp p" 1pX, xq, GpAqq.

Tony Pantev University of Pennsylvania
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Stacks of local systems

Moduli of local systems (iii)
Properties:

The stackM GpXq Òt0LocGpXq has a course moduli
space which is the a!ne GIT quotient

MGpXq ÒRGpXq{{G,

and

MGpXqpkq Ò
ö

conjugacy classes of! : " 1pX, xq „ G
with imp! q-reductive

ú

Ò
«

iso classes of locally constantGpkq
bundles onX

ø

In general the derived structure onLocGpXq depends
on the full homotopy type ofX.

Tony Pantev University of Pennsylvania
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Symplectic and Lagrangian structures

Shifted symplectic structures

Recall: [PTVV]

If F is derived Artin locally f.p. overk we have a
complex of closed 2-forms A 2,clpFq on F.

WhenF Ò RSpecA, then A 2,clpFq corresponds to the
module tot

!
pFppAqrpsq.

An n-cocycle# in the complexA 2,clpFq is aclosed
n-shifted 2-form .

# is ann-shifted symplectic structure if the
contraction#5 : TF r„ LF with the induced element in
HnpF, ^ 2Lq ÒHnpA 2,clpFqqis a quasi-iso.

Tony Pantev University of Pennsylvania
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Symplectic and Lagrangian structures

Relative structures
Let f : F „ F1 be a morphism between derived Artin stacks
overk, then

An pn « 1q-shiftedisotropic structure on f is a pair
p#, hq, where# is ann-shifted symplectic structure onF1,
andh is a homotopy betweenf ûp#qand 0 inside the
complexA 2,clpFq.

An isotropic structurep#, hq is Lagrangian if moreover
the canonical induced morphismh5 : Tf r„ LF rn « 1s is a
quasi-isomorphism.
Note: An pn « 1q-shifted Lagrangian structure on
f : F „ Speck is simply anpn « 1q-shifted symplectic
structure onF.

Tony Pantev University of Pennsylvania
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Symplectic and Lagrangian structures

Structures on LocGpXq (i)
pX, BXq - compact oriented topological manifold of dimÒ d
G - a reductive algebraic group overk.

Theorem:

(a) [PTVV] If BX Ò ! , then the derived stackLocGpXq has a
p2 « dq-shifted symplectic structure which is canonical up to
a choice of a non-degenerate element inpSym2 g_ qG

(b) [Calaque] The restriction mapLocGpXq !„ LocGpBXq
carries a canonicalp2 « dq-shifted Lagrangian structure for
the 3« d Ò 2 « pd « 1q-shifted symplectic structure on the
target.

Tony Pantev University of Pennsylvania
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Symplectic and Lagrangian structures

Structures on LocGpXq (ii)

Note: WhenX is a Riemann surface with boundary we
recover the symplectic structures on moduli ofG-local systems
on X with prescribed monodromies at inÞnity (usually
constructed by quasi-Hamiltonian reduction).

Tony Pantev University of Pennsylvania
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Symplectic and Lagrangian structures

Structures on LocGpXq (ii)

Example: SupposepX, BXq is an oriented surface with
boundary. Then

BX is a disjoint union of oriented circles, and so
LocGpBXq È

!
rG{Gs whererG{Gs denotes the stack

quotient of the conjugation action ofG on itself.

The stackLocGpS1q Ò rG{Gs carries a canonical
1-shifted symplectic structure.

For any$ PG, the inclusion of the conjugacy class
O! ! G of $ gives a canonical Lagrangian structure on
the mapBG! È rO! {Gs‹„ r G{Gs.

Tony Pantev University of Pennsylvania
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Symplectic and Lagrangian structures

Structures on LocGpXq (iii)
Assigning elements$i PG to each boundary component ofX,
we get two 0-shifted Lagrangian morphisms

!
BG! i

""!!!!
LocGpXq.

##""""
"

!
rG{Gs

By [PTVV] the Þber product of these two maps has a
canonical 0-shifted symplectic structure. This Þber product, is
the derived stack

LocGpX, t $i uq

of G-local systems onX whose local monodromies at inÞnity
are belong to the conjugacy classest O! i u.

Tony Pantev University of Pennsylvania
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Poisson structures

Shifted Poisson structures (i)
Recall: [CPTVV]

For F a derived Artin stack/k, can form the dg Lie
algebra ofn-shifted polyvector Þelds
" pF, SymOpTF r« n « 1sqqrn ` 1s.

An n-shifted Poisson structure on F is a morphism in
the 8 -category of graded dg-Lie algebras

p : kr« 1sp2q "„ " pF, SymOpTF r« n « 1sqqrn ` 1s,

wherekr« 1sp2q is the graded dg Lie algebra which isk
placed in homological degree 1 and grading degree 2,
equipped with the zero Lie bracket.

Tony Pantev University of Pennsylvania
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Poisson structures

Shifted Poisson structures (ii)
Remark: [Melani-Safronov,Costello-Rozenblyum,Nuiten]
Shifted Poisson structures can always be described in termsof
shifted symplectic groupoids (Weinstein program).

Tony Pantev University of Pennsylvania
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Poisson structures

Shifted Poisson structures (ii)

Theorem: [Costello-Rozenblyum] If F is a derived Artin
stack the space ofn-shifted Poisson structure onF is weakly
equivalent to the space of equivalence classes ofn-shifted
Lagrangian mapsF „ F1 to formal derived stacksF1.

Note: rF „ F1s ã rF „ F2s if there exists ann-shifted
Lagrangian mapF „ G and a commutative diagram F1

F !!

$$####

%%$
$$$

G
a

&&

b''
F2

with a and b formally «etale and compatible with the Lagrangian
structures.

Tony Pantev University of Pennsylvania
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Poisson structures

Shifted Poisson structures (iii)

Example: For a compact orientedd-dimensional manifoldX
with boundaryBX, the restriction map

LocGpXq "„ LocGpBXq

is Lagrangian[Calaque] and so can be viewed as a
p2 « dq-shifted Poisson structure onLocGpXq.

Tony Pantev University of Pennsylvania
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Poisson structures

Simplectic leaves (i)

Classically a Poisson structure on a smooth variety inducesa
foliation of the variety by symplectic leaves.
For ann-shifted Poisson structure on a derived stackF given
by a Lagrangian mapf : F „ F1, the symplectic leaves are the
appropriately interpreted Þbers off .

DeÞnition: A generalized symplectic leaf of F is a derived
stack of the formF ö F 1 # for any n-shifted Lagrangian mor-
phism #„ F1

Note: By [PTVV] a generalized symplectic leaf carries a
canonicaln-shifted symplectic structure.

Tony Pantev University of Pennsylvania
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Poisson structures

Simplectic leaves (ii)

Example: X - a compact oriented surface with boundary.
The restriction map

LocGpXq "„ LocGpBXq Ò
"

rG{Gs

carries a 0-shifted Lagrangian structure and thus corresponds
to a 0-shifted Poisson structure onLocGpXq.

LocGpX, t $i uq- the derived moduli stack ofG-local systems
on X with Þxed monodromies at inÞnity - is a generalized
symplectic leaf inLocGpXq.

Tony Pantev University of Pennsylvania
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Structures on Betti spaces

Betti spaces - theorems (i)
The boundary of a topological space Y is the
pro-homotopy typeBY :Ò lim

K ! Y
pY « Kq PPropTq.

Tony Pantev University of Pennsylvania
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Structures on Betti spaces

Betti spaces - theorems (i)
The boundary of a topological space Y is the
pro-homotopy typeBY :Ò lim

K ! Y
pY « Kq PPropTq.

taken in the8 -categoryT of homotopy types
and over the opposite category of compact
subsetsK ! Y

Tony Pantev University of Pennsylvania
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Structures on Betti spaces

Betti spaces - theorems (i)
The boundary of a topological space Y is the
pro-homotopy typeBY :Ò lim

K ! Y
pY « Kq PPropTq.

Note: The pro-objectBY is in general not constant and can
be extremely complicated. However ifX Ò ZpCq for a smooth
n-dimensional complex algebraic varietyZ, we have:

Proposition: The pro-objectBX is equivalent to a constant
pro-object inT which has the homotopy type of a compact
oriented topological manifold of dimension 2n « 1.

Remark: BX has the homotopy type of the biundary of the
simple real oriented blowup of a good compactiÞcation ofZ
along its normal crossing boundary.

Tony Pantev University of Pennsylvania
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Structures on Betti spaces

Betti spaces - theorems (ii)
SupposeX Ò ZpCq for a smoothn-dimensional complex
algebraic varietyZ, then

Claim: The canonical mapBX "„ X induces a restriction
morphism of derived locally f.p. Artin stacks

r : LocGpXq "„ LocGpBXq.

which is equipped with a canonicalp2« 2nq-shifted Lagrangian
structure with respect to the canonical shifted symplecticstruc-
ture onLocGpBXq.
In particular r can be viewed as ap2 « 2nq-shifted Poisson
structure onLocGpXq.

Tony Pantev University of Pennsylvania
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Structures on Betti spaces

Symplectic leaves - smooth D (i)
AssumeZ admits a smooth compactiÞcationZ ! Z with
D Ò Z « Z Ò

#
i Di a smooth divisor. Then

BX Òã (oriented circle bundle overD) classiÞed by
elements%i ! H2pDi , Zq, %i Ò c1pNDi {Zq.
Given$i PG with centralizerZi , the groupS1 acts on
BZi (via $i ) and naturally onrG{Gs so that the
Lagrangian structure on the mapBZi „ r G{Gs is
S1-equivariant.
Twisting by%i gives a 1-shifted Lagrangian morphism

(: i ) " i
$BZi "„ " i

%rG{Gs

of locally constant families of derived Artin stacks overDi .
Tony Pantev University of Pennsylvania
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Structures on Betti spaces

Symplectic leaves - smooth D (ii)
Passing to global sections gives moduli stacks:
LocGpBi Xq ÒMappBi X, BGq Ò"

«
Di , " i

%rG{Gs
ø

;

LocZi ," i pDi q Ò"
«

Di , " i
&BZi

ø

Tony Pantev University of Pennsylvania
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Structures on Betti spaces

Symplectic leaves - smooth D (ii)
Passing to global sections gives moduli stacks:
LocGpBi Xq ÒMappBi X, BGq Ò"

«
Di , " i

%rG{Gs
ø

;

LocZi ," i pDi q Ò"
«

Di , " i
&BZi

ø

G local systems on the
component Bi X of BX
mapping tpDi

Tony Pantev University of Pennsylvania
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Structures on Betti spaces

Symplectic leaves - smooth D (ii)
Passing to global sections gives moduli stacks:
LocGpBi Xq ÒMappBi X, BGq Ò"

«
Di , " i

%rG{Gs
ø

;

LocZi ," i pDi q Ò"
«

Di , " i
&BZi

ø

Zi local systems onDi

twisted by%i

Tony Pantev University of Pennsylvania
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Structures on Betti spaces

Symplectic leaves - smooth D (ii)
Passing to global sections gives moduli stacks:
LocGpBi Xq ÒMappBi X, BGq Ò"

«
Di , " i

%rG{Gs
ø

;

LocZi ," i pDi q Ò"
«

Di , " i
&BZi

ø

SinceDi is a compact topological manifold endowed with a
canonical orientation the map (: i ) induces ap3 « 2nq-shifted
Lagrangian morphism of derived Artin stacks

ri : LocZi ," i pDi q "„ LocGpBi Xq.

Tony Pantev University of Pennsylvania
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Structures on Betti spaces

Symplectic leaves - smooth D (iii)
Combining allri we get ap3 « 2nq-shifted Lagrangian
morphism

r Ò
"

i

ri :
"

i

LocZi ," i pDi q "„
"

i

LocGpBi Xq ÒLocGpBXq.

By the Lagrangian intersection theorem[PTVV] the Þber
product of derived stacks

LocGpX, t $i uq:Ò

÷
"

i

LocZi ," i pDi q

ü
'

LocGpBX q

LocGpXq

has a canonicalp2 « 2nq-shifted symplectic structure.

Tony Pantev University of Pennsylvania
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Structures on Betti spaces

Symplectic leaves - smooth D (iv)
By construction

LocGpX, t $i uqis the derived stack ofG-local systems on
X whose local monodromy aroundDi is Þxed to be in the
conjugacy classO! i of $i .

The natural map

LocGpX, t $i uq "„ LocGpXq

realizesLocGpX, t $i uqas a generalized symplectic leaf
of the p2 « 2nq-shifted Poisson structure onLocGpXq.

This proves part(2) of the Main theorem in the Betti setting.

Tony Pantev University of Pennsylvania
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Structures on Betti spaces

Symplectic leaves - two components (i)

AssumeD Ò Z « Z Ò D1 Y D2 has two smooth irreducible
components meeting transversally at a smoothD12. Then

BX È B1X
(

B12X

B2X.

whereBi X is an oriented circle bundle overDo
i Ò Di « D12,

andB12X is an orientedS1 ö S1-bundle overD12.

Note: EachBi X has the homotopy type of an oriented
compact manifold of dimension 2n « 1 with boundary
canonically equivalent toB12X.

Tony Pantev University of Pennsylvania
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Structures on Betti spaces

Symplectic leaves - two components (ii)
Theorem: [P-T¬oen]

(i) For a commuting pair of elementsp! 1, ! 2q PG ö G the map

LocG pB1X , ! 1q
'

LocGpB12X q

LocG pB2X , ! 2q !„ LocGpBX q ö LocG pB12X , t ! 1, ! 2uq

comes equipped with a natural Lagrangian structure.

(ii) If moreover the pairp! 1, ! 2q is strict then the derived
Artin stack

LocGpX , t ! 1, ! 2uq

comes equipped with a naturalp2 « 2nq-shifted symplectic
structure which is a symplectic leaf ofLocGpXq.
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Stacks of ßat bundles

Perfect complexes with ßat connections (i)

SupposeX is a smooth variety overk, and letXDR be the de
Rham functor ofX, i.e. the (discrete, underived) stack

XDR : cdga" 0
k

!!Sets! SSets

A !!X pSpecpAredqq
The derived stack of perfect complexes with ßat
connections on X is by deÞnition

Perf! pXq ÒMapdStk pXDR, Perfq
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Stacks of ßat bundles

Perfect complexes with ßat connections (ii)

If X is not proper Perf! pXq is not representable. However,
sinceX is a Þnite colimit of a!nek-schemes and Perf! pXq is
a mapping stack one checks that the stack Perf! pXqhas good
inÞnitesimal properties:

Proposition: Let X be a smooth algebraic variety overk.

The derived moduli stack Perf! pXq is
nil-complete and inÞnitesimally cartesian .

Perf! pXq has a cotangent complex which is perfect at
all Þeld valued points.
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Stacks of ßat bundles

The formal boundary (i)
Let X # X be a good compactiÞcation:X is smooth and
proper overk, andD Ò X « X is a simple normal crossings
divisor. For an «etale mapu : SpecA „ X set

I Ò the ideal ofuûD ! SpecA;
pA Ò limn A{I n;

pXD - the formal completion ofX alongD;
and deÞne derived stacks PerfpxXD q and PerfppBXq whose
points over a derived a!ne schemeS Ò RSpecpBq are

Perf
«

xXD

ø
pSq Ò lim

Spec A„ X
PerfpSpec{A b Bq,

PerfppBXqpSq Ò lim
Spec A„ X

PerfpSpec{A b B « V pIqq.
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Stacks of ßat bundles

The formal boundary (ii)

Proposition: [BeTe],[Ef],[HePoVe] The k-linear dg cate-
gory of global points PerfppBXqpkq is independent of the choice
of a good compactiÞcationX ! X.

Note: The proof relies on the rigid tubular descent of[BeTe]
which only works for smooth varieties. It is unknown if
PerfppBXqpSq is independent ofX for a general a!ne derived
schemeS (even for a singular a!ne schemeS).
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Stacks of ßat bundles

The formal boundary (iii)
Remedy: Work with extendable perfect complexes.
Consider

PerfexppBXq ! PerfppBXq

deÞned as the Karoubian image of the map of8 -stacks
PerfppXDq „ PerfppBXq.

Proposition: [EÞmov,P-T¬oen]

(a) For anyS PdA$k the dg category PerfexppBXqpSq of
extendable perfect complexes is independent of the
choice ofX ! X.

(b) The derived stack PerfexppBXq is independent ofX.
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Stacks of ßat bundles

The formal boundary (iv)
For an «etale mapu : SpecA „ X and an a!ne derived
schemeS Ò RSpecB set

I Ò the ideal ofuûD ! SpecA;
xDRB pAq Ò limn DRpA{I n b k Bq as aB-linear mixed cdga;
xDR

o

B pAq - xDRB pAq with the local equation ofD inverted.

DeÞnition:

(a) Perf! ppBXqpSq is the dg category of sheaves of graded mixed
xDR

o
B pAq-dg modules which are locally free of weight zero.

(b) The derived pre-stack Perf! ,exppBXq is the Þber product
Perf! ppBXq öPerfppBX q PerfexppBXq.
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Stacks of ßat bundles

The formal boundary (v)

Proposition:

(a) The derived pre-stacks Perf! ppBXq and Perf! ,exppBXq are
stacks.

(b) The derived stack Perf! ,exppBXq is independent ofX.

(c) The restriction mapR : Perf! pXq „ Perf! ppBXq is a map of
derived stacks which factors through Perf! ,exppBXq.

(d) Perf! ppBXq is nil-complete, inf-cartesian, and has a cotangent
complex which is perfect over all Þeld valued points.
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Poisson structures

Poisson structures

Theorem:

(i) The morphismR : Perf! pXq „ Perf! ppBXq carries a natural
p2 « 2nq-shifted isotropic structure.

(ii) The isotropic structure in(i) is Lagrangian over all Þeld
valued points.
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Derived stacks of local systems

Derived moduli of local systems (i)

The derived stack ofG local systems can be viewed as an
8 -functor

LocGpXq: cdga" 0
k

!!SSets

A !!MappSpXq, BGpAqq
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Derived stacks of local systems

Derived moduli of local systems (i)

The derived stack ofG local systems can be viewed as an
8 -functor

LocGpXq: cdga" 0
k

!!SSets

A !!MappSpXq, BGpAqq

singular simplices
in X
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Derived stacks of local systems

Derived moduli of local systems (i)

The derived stack ofG local systems can be viewed as an
8 -functor

LocGpXq: cdga" 0
k

!!SSets

A !!MappSpXq, BGpAqq

simplicial set of
A-points ofBG
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Derived stacks of local systems

Derived moduli of local systems (i)

The derived stack ofG local systems can be viewed as an
8 -functor

LocGpXq: cdga" 0
k

!!SSets

A !!MappSpXq, BGpAqq

Note: LocGpXq admits a nice quotient presentation.
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Derived stacks of local systems

Derived moduli of local systems (ii)

Choose "â - a free simlicial model of the loop group %xpXq of
loops based atx PX.
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Derived stacks of local systems

Derived moduli of local systems (ii)

Choose "â - a free simlicial model of the loop group %xpXq of
loops based atx PX.
Note: B" â is a simplicial free resolution of the pointed
homotpy typepX, xq.

Tony Pantev University of Pennsylvania

Betti/de Rham moduli



Introduction Results Betti moduli de Rham moduli Odds and ends

Derived stacks of local systems

Derived moduli of local systems (ii)

Choose "â - a free simlicial model of the loop group %xpXq of
loops based atx PX.

Then:

RGp" âq is a cosimplicial a!nek-scheme;

" pRGp" âq, Oq is a commuttative simplicialk-algebra.

Passing to normalized chains gives aA GpXq Pcdga" 0
k which

up to quasi-isomorphism is independent of the choice of the
resolution "â.
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Derived stacks of local systems

Derived moduli of local systems (iii)

The conjugation action ofG on Rp" âq gives an action ofG on
the cdgaA GpXq and hence on the derived a!ne scheme
RSpecA GpXq. The quotient stack

LocGpXq Ò rRSpecA GpXq{Gs

is thederived stack of G-local systems on X.
Back
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Orientations and structures

Orientations and structures (i)
Key observation: Lagrangian structures on a map between
moduli of local systems exist always in the presence of relative
orientations.
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Orientations and structures

Orientations and structures (i)

f : Y „ X - a continuous map between Þnite CW complexes;
CâpY , Xq - the cone of the pull-back mapf ûCâpXq „ CâpY q
on singular cochains with coe!cients ink.

An orientation of dimension d on f is a morphism of
complexes or :CâpY , Xq "„ kr1 « ds, which is
non-degenerate in the sense that the pairing

CâpXq b CâpX, Y q "„ kr1 « ds

given by the composition of or with the cup product onCpXq
is non-degenerate on cohomology and induces a
quasi-isomorphismCâpY , Xq È CâpXq_ r1 « ds.

Tony Pantev University of Pennsylvania

Betti/de Rham moduli



Introduction Results Betti moduli de Rham moduli Odds and ends

Orientations and structures

Orientations and structures (ii)
f : Y „ X - continuous map of CW complexes equipped with
a relative orientation of dimensiond.
G - a reductive algebraic group overk.

Theorem: [Calaque,Brav-Dyckerho!] The pullback map
on the derived stacks of local systems

f û : LocGpXq "„ LocGpY q

carries ap2« dq-shifted Lagrangian structure which is canonical
up to a choice of a non-degenerate element in Sym2pg_ qG.

Back
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Poisson bivectors

Poisson bivectors
For aG-local system! PLocGpXq we have

TLocG pX q,# Ò HâpX, adp! qqr1s

the bivectorp underlying thep2 « dq-shifted Poisson
structure onLocGpXq is given by

k

PD

((%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
p !! pHâpX, adp! qqr1s b HâpX, adp! qqr1sqrd « 2s

HâpX, adp! qqr1s b HâpX, BX; adp! qqrd « 2s

&&

Back
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Obstructions

Obstructions - smooth D (i)
Caution: The derived stackLocZi ," i pDi q may be empty.
Indeed:

LocZi ," i pDi qpkq is the groupoid ofG-local systems onBi X
whose local monodromy aroundDi is conjugate to$i .

A Zi {ZpZi q-local system onDi determines a class in
H2pDi , ZpZi qq, which is the obstruction to lifting it to a
Zi -local system.

For LocZi ," i pDi qpkq to be non-empty one needs to have a
Zi {ZpZi q-local system onDi whose obstruction class
matches with the image of%i under the map
H2pDi , Zq „ H2pDi , ZpZiqqgiven by$i : Z „ ZpZiq.
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Obstructions

Obstructions - smooth D (ii)

Example: If G is semisimple,k is algebraically closed, and$i

is a regular semi-simple element, thenZi is a maximal torus in
G and hence the image of%i in H2pDi , Zi q is zero. If$i is of
inÞnte order, this forces%i to be a torsion class inH2pDi , Zq.

Back
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Obstructions

Obstructions - two components (i)

DeÞnition: A pair of commuting elementsp$1, $2q PG ö G
is calledstrict if the morphism

BZ12 "„ r Z1{Z1s örGûG{Gs rZ2{Z2s

is Lagrangian (for its canonical isotropic structure).

HereG ûG ! G ö G is the commuting variety, andZ12 is the
centralizer of the pairp$1, $2q.

Note: Strictness is a group theoretic property.
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Obstructions

Obstructions - two components (ii)

Proposition: Let p$1, $2q be a commuting pair of elements
in G, and u :Ò Id « adp$1q and v :Ò Id « adp$2q be the
corresponding endormorphisms ofg. Then the pairp$1, $2q is
strict if and onlyu is strict with respect to the kernel ofv, i.e.
if and only if

Impv| kerpuqq ÒImpvq X kerpuq.

Note: Stricness is symmetric by deÞnition so equivalently
p$1, $2q is strict if and only ifv is strict with respect to the
kernel ofu.
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Obstructions

Obstructions - two components (iii)
Corollary:

If at least one of the$i is semi-simple then the pair
p$1, $2q is strict.

If pu, vq form a principal nilpotent pair[Ginzburg] , then
the pairp$1, $2q is strict.

Caution: Strictness is a non-trivial condition: if$ is any
non-trivial unipotent element inG, then the pairp$, $q is not
strict. In this caseu is a non-zero nilpotent endomorphism of
g and thus kerpuq X Impuq ä 0, but Impu| kerpuqq Ò0q.

Back
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InÞnitesimal theory

InÞnitesimal properties (i)
Note: These are the properties neeeded for applying the
Artin-Lurie representability theorem.
Recall that for anyB Pcdga" 0

k , any connectiveB-moduleM,
and anyk-linear derivationd : B „ Mr1s, the square zero
extensionB Ôd M of B by M is deÞned by the cartesian
square of cdga:

B Ôd M !!

''

B
0''

B
d

!!B Ô Mr1s

where 0 denotes the natural inclusion ofB as a direct factor in
the trivial square zero extensionB Ô Mr1s.
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InÞnitesimal theory

InÞnitesimal properties (ii)
DeÞnition: Let F be a derived stack.

We say thatF is inÞnitesimally cartesian if for anyB,
M andd as above the square

FpB Ôd Mq !!

''

FpBq
0''

FpBq
d

!!FpB Ô Mr1sq

is cartesian.

We say thatF is nil-completeif for anyB Pcdga" 0
k with

Postnikov towert B" nun the natural morphism
FpBq "„ limn FpB" nq is an equivalence.
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